The observations combined with theory of neutron star (NS) cooling play a crucial role in achieving the intriguing information of the stellar interior, such as the equation of state (EOS), composition and superfluidity of dense matter. The traditional NS cooling theory is based on the assumption that the stellar structure does not change with time. The validity of such a static description has not yet been confirmed. We generalize the theory to a dynamic treatment; that is, continuous change of the NS structure (rearrangement of the stellar density distribution with the total baryon number fixed) as the decrease of temperature during the thermal evolution, is taken into account. It is found that the practical thermal energy used for the cooling is slightly lower than that is estimated in static situation, and hence the cooling of NSs is accelerated correspondingly but the effect is rather weak. Therefore, the static treatment is a good approximation in the calculations of NS cooling.
I. INTRODUCTION
Neutron stars (NSs) as a type of compact objects, contain matter of supranuclear density in their interiors which are not accessible in modern laboratory experiments. They have a lot of extreme and intriguing features that are unique in the universe, including rapid rotation, extremely strong magnetic field, superstrong gravitation, superfluidity and superconductivity inside, superprecise spin period (Haensel et al. 2006) . Accordingly, as natural laboratories, they involve superrich physics that are related to various branches of current physics and astronomy, and hence they greatly promote the development of fundamental physics in extreme environments. At present, many properties can be measured with increasingly improved accuracies, such as the mass, radius, spin period and its derivative with respect to time, glitch, giant flares, quasi-periodic oscillations and surface magnetic field, which help one to grasp important information on NSs. However, very little knowledge of NS interior can be achieved solidly through these observations. The NS thermal evolution provides a possibility to study its interior physics and some difficult issues in nuclear physics such as the equation of state (EOS) of supranuclear densities (Page et al. 2004 ).
The rapid cooling of the NS in Cassiopeia A was reported from an analysis of several Chandra observations (Heinke & Ho 2010) . It has ignited a great interest in the exploration of NS thermal evolution, and thus numerous developments have performed on the theoretical models that are used to interpret these observational data (Blaschke et al. 2012 (Blaschke et al. , 2013 Bonanno et al. 2014; Newton et al. 2013; Noda et al. 2013; Page et al. 2011; Shternin et al. 2011; Sedrakian 2013; Yang et al. 2011 ). Owing to the well-known age (Fesen et al. 2006 ) and well-measured surface temperature for ten years (Heinke & Ho 2010) , this NS serves as a valuable opportunity to explore the knowledge of the neutron star matter at high densities. For instance, the observed rapid cooling was interpreted as the triggering of enhanced neutrino emission resulting from the neutron 3 P 2 pairing in the NS core, and it was claimed that such rapid cooling is the first direct evidence that superfluidity and superconductivity occur at supranuclear densities within NSs (Page et al. 2011) . Quantitatively, the superfluidity gap of neutron 3 P 2 channel is found to be around 0.1 MeV (Page et al. 2011) . However, another group reported that a statistically significant temperature drop is not seen for the NS in Cassiopeia A (Posselt et al. 2013) . And also a microscopic calculation gives a small 3 P 2 pairing, which differs from the result of D. Page et al (Dong et al. 2013; Dong et al. 2016) . Anyway, reliable observations of NS thermal evolution provide a powerful probe to grasp information on the NS interior.
As a consequence of improved measurements of thermal emission from cooling NSs, it has become clear that the observations cannot be explained on the basis of a single universal cooling curve (Yakovlev & Pethick 2004) . Thus, a reliable theory for the NS cooling is indispensable to predict accurately the evolution of the NS surface temperature, and to gain the important information about the stellar interior in combination with observations. At present, the structure of a given isolated NS is believed to not change with time in all the previous investigations of thermal evolution, referred to as the static treatment. In view of the great importance of the NS cooling in both astrophysics and nuclear physics, in this work, the previous static approach to describe the NS cooling is generalized to a dynamic one; that is, the temperature-dependent (and hence the time-dependent) change of the stellar structure during the cooling is included.
II. EOS OF DENSE MATTER AT FINITE TEMPERATURE
It is necessary to establish a NS structure for the calculation of NS cooling. The EOS of NS matter as the input for the building of stellar structure is obtained from the relativistic mean field (RMF) theory in which the temperature effect can be readily introduced. For the dense matter made of nucleons (B=p,n) and leptons (l=e, µ), the total interacting Lagrangian density is given by
where M, m l , m σ , m ω and m ρ are the nucleon-, lepton-, σ-, ω-and ρ-meson masses, respectively. The field tensors for the vector meson are given as Ω µν = ∂ µ ω ν − ∂ ν ω µ and by similar expression for R µν of ρ meson. The nucleon field ψ B interacts with the σ, ω, ρ meson fields σ, ω µ , ρ µ with the coupling constants g σ , g ω , and g ρ respectively, and the lepton field ψ l is free field. The self-coupling term of the σ meson with coupling constants g 2 and g 3 is responsible for reducing the compression modulus of symmetric nuclear matter to an empirical value (Boguta, & Bodmer 1977) . The self-coupling of omega-meson described by the coupling constant ζ, is introduced to soften the equation of state at high density. The nonlinear mixed isoscalar-isovector coupling described by Λ v modifies the density-dependence of the symmetry energy (Fattoyev et al. 2010 ). In the mean field approximation, the meson field operators are replaced by their expectation values. There is no current in uniform nuclear matter and thus the spatial vector components of ω µ , ρ µ vanish, with only the timelike components ω 0 , ρ 0 left. In addition, the charge conservation makes sure that only the third-component of the isospin of ρ meson, i.e., ρ 30 , is nonzero. In a word, the σ, ω 0 , and ρ 30 are the nonvanishing expectation values of meson fields in nuclear matter. The employed effective interaction in the RMF approach is IU-FSU here, which gives a good description of ground state properties as well as excitations of finite nuclei (Fattoyev et al. 2010) . Accordingly, the energy density ε and pressure P for a zero-temperature NS matter are given as
where k F,B and k F,l are the Fermi momenta of nucleons and leptons, respectively. The EOS based on the Haensel-ZdunikDobaczewski and Negele-Vautherin (Haensel & Zdunik 1990 , Negele & Vautherin 1973 ) is applied for the NS crust.
The stellar interior is assumed to be isothermal described by a coordinate temperature (redshifted temperature), since NSs are excellent conductors with quite high thermal conductivities (Haensel et al. 2006) . For the convenience of calculation, we use the constant proper temperature (local temperature) instead, which does not hinder us from discussing the physics we are concerned with. Such finite temperature is not expected to affect the stellar structure substantially. Accordingly, the influence of temperature on the EOS acts as a small perturbation in the present work. For the β-stable matter with a given total baryon number density ρ b , we derive the modifications of the energy density and pressure due to the presence of temperature T , which are given by
Here k B , µ and m * = m − g σ σ are the Boltzmann constant, zero-temperature chemical potential and nucleonic Dirac effective mass, respectively. It should be stressed that the µ B for nucleons here is a translational chemical potential defined as
for the sake of derivation. ∆µ B and ∆µ l are the changes in the chemical potentials of nucleons and leptons respectively due to thermal effects. The changes in the meson fields induced by thermal effects for a given baryon number density, namely the ∆σ, ∆ω 0 and ∆ρ 30 , are obtained with the conditions of β-stable and electric neutrality of NS matter, which are respectively given as
∆µ n = ∆µ p + ∆µ e + g ρ /2 2∆ρ 0 ,
The above equations are solved in a self-consistent way. The static thermal energy density under the temperature T is ∆ε. The electrons in the neutron star crust may be influenced considerably since the temperature in the crust is sufficiently high for the motion of the electrons. Considering that the pressure in the crust is primarily yielded by the electrons, the effects of temperature on electrons are simply taken into account via
Due to the very small proportion of a star mass, the ∆ε and ∆P from the crust contribute rather insignificantly to the rearrangement of stellar structure. (Cumming et al. 2017) , where m * i is the Landau effective mass. The nucleonic (non-relativistic) Landau mass is exactly equal to the Dirac mass m * = m − g σ σ here because the self-energy in the RMF approach is momentum-independent. The obtained ∆ε with this method is also almost identical to the above results, which indicates the correctness of our calculated thermal energy density.
For the NS matter with temperature T and baryon density ρ b , the energy density and pressure are written as ε + ∆ε and P + ∆P, respectively. With these obtained EOS for zero-or finite-temperature, the mass-versus-radius relation and other relevant quantities of a spherically symmetric non-rotating NS can be determined by solving the following TOV equation (Oppenheimer & Volkoff 1939 ) based on the general relativity 
III. DYNAMIC TREATMENT OF NS THERMAL EVOLUTION
NSs are born in supernova explosions, with internal temperature as high as ∼ 10 11 K, but cool down rapidly in about one minute to become transparent to neutrinos (Haensel et al. 2006) . Later, the cooling is performed via two different channels-the neutrino emission from the entire stellar body and the photon emission from the stellar surface. The neutrino emission dominates the thermal evolution for t 10 5 years, while the photon emission dominates later (Haensel et al. 2006; Yakovlev & Pethick 2004) . In Newtonian framework, the energy balance equation for the NS cooling is simply given as (Page et al. 2006 )
where T is the stellar internal temperature and C v is the total heat capacity. The thermal energy E th is dissipated by the neutrino emission (total luminosity L ν ) and photon emission (total luminosity L γ ). H represents all possible energy sources to heat the objects, such as the decay of magnetic field energy stored in stars. The energy balance equation offers an intuitive physical picture to describe the NS cooling. Current simulations of thermal evolution including the present work are usually on the basis of a general relativistic formulation, and also carry out the heat transport inside the NSs, where some robust program codes have already been established.
In fact, both the energy density and pressure of the dense matter and hence the corresponding EOS, change as the temperature decreases in stellar interior, and then the stellar structure reaches new dynamic balances under different temperatures. In other words, the structure of an isolated NS undergoes weak reorganizations persistently during the cooling. In previous static descriptions, the stellar structure is established before the cooling and not modified thereafter. However, in our dynamic treatment, the NS structure is modified continuously with temperature and hence the time. Our starting point is to calculate the static thermal energy E th = R 0 4πr 2 ∆εdr (Cumming et al. 2017 ) and the dynamic thermal energy E * th . Note that the static thermal energy stored in a NS is R 0 4πr 2 ∆ε/ √ 1 − 2m(r)/rdr, but that can be released actually is R 0 4πr 2 ∆εdr in the static NS due to a strong gravitational effect. The E * th is exactly the practical thermal energy that can be released during the cooling, which is given by the total mass difference between finite temperature T and zero temperature cases, namely, E * th = m(T ) − m(T = 0). We must stress that, in this process, the conserved quantity is total baryon number n b = ∞ 0 4πr 2 ρ b / √ 1 − 2m(r)/rdr, as a key constraint in the present calculations. As a consequence, the effect induced by the continuous change of the NS structure, is characterized by the difference between E th and E * th . Owing to the rearrangement of the stellar density distribution with the decrease of temperature, the E * th is not equal to the E th for a given temperature. The calculated E th and E * th as a function of interior temperature T for a canonical NS with the mass of 1.4M ⊙ , is displayed in Figure 2 . The stored E * th that will be lost during the cooling, is lower than the static thermal energy E th = C v dT . Importantly, both of them are proportional to T 2 , which allows us to introduce an effective heat capacity C v,eff and hence the dynamic thermal energy is written as E * th = 1 2 C v,eff T . It is necessary to look for the relationship between C v,eff and C v . Fortunately, the ratio of η = C v,eff /C v , defined as the efficiency factor here, is independent of temperature T , as shown in the inset of Figure 2 . For example, η = 0.87 for the canonical NS with the IU-FSU interaction here, indicating that only 87% of static thermal energy is available for the NS cooling. As a result, the traditional heat capacity C v should be replaced by the effective one C v,eff or ηC v , to give a dynamic description of NS cooling. Here we perform average with regard to the whole star body for the efficiency factor η, i.e., η is a constant everywhere.
For NSs with different masses, we calculate the E th , E * th and the corresponding efficiency factor η, and present the results in Figure 3 . For low mass NSs such as M = 0.5M ⊙ , the E th is not much different from the E * th , where the efficiency factor is as large as η = 0.94. However, with the increase of the star mass, the difference between these two energies becomes larger and larger, and hence the η reduces gradually. For high mass NSs such as M = 1.9M ⊙ , the difference is so substantial that η is merely 0.78; that is, 22% of the static thermal energy is not available. Figure 1 has already shown that the static thermal energy density ∆ε (and hence the heat capacity per volume) grows with density ρ b , in consistent with the calculations by Cumming et al. (2017) . Yet, the NS radius remains almost unchanged for the mass ranging from 0.4M ⊙ to 1.8M ⊙ , as shown in the inset of The interior temperature of a NS is 10 7 ∼ 10 9 K usually, which is much lower than the corresponding Fermi temperature of dense matter inside the star. Therefore, in order to achieve a sufficient accuracy, we treat the effect of the temperature on the EOS of dense matter as a tiny perturbation, and then derive the analytical formulas (Eqs. (4,5)) for the changes in the total energy density and in pressure induced by temperature, which is a pivotal step of the present study. By setting up an initial central density, the TOV equation can be integrated with the energy density ε (ε + ∆ε) and pressure P (P + ∆P) as inputs for a zero-(finite-) temperature NS. The loop runs over the central density of the finite-temperature NS until its total baryon mass m b converges exactly to that of the zero-temperature one. Actually, the interior structure of the zero-temperature NS, i.e., density and pressure distributions, is quite close to that of the finite-temperature one because of ∆ε << ε and ∆P << P. Since the energy density ε ′ of the finite-temperature NS is given by the zero-temperature energy density ε ′ | T =0 plus the thermal energy density ∆ε, the dynamic thermal energy E *
in the present work based on 
which is exactly the change of the zero-temperature total energy (internal energy plus gravitational potential energy) due to the rearrangement of stellar structure. We tested the calculation and find that the results almost do not rely on a step size (if it is reasonably small) of solving TOV equation, which supports the validity of the present calculation.
Furthermore, the ∆E th can be decomposed into two parts:
where the first and second integrals denote the change of the zero-temperature internal energy and of the gravitational potential energy induced by temperature, marked as ∆E th, U and ∆E th, g respectively. Figure 4 displays the calculated ∆E th, U and ∆E th, g versus stellar mass. The central density of the finite-temperature NS is slightly lower than that of zero-temperature one. That is, due to the presence of temperature, the dense matter deep inside the star moves outward. This leads to the decrease of zerotemperature internal energy but the increase of the gravitational potential energy, and such changes are mainly subject to the change of the compactness parameter 2m/r. Because the thermal energy density ∆ε becomes larger and larger with increasing density as shown in Figure 1 , the difference between the compactness parameter 2m ′ /r of finite-temperature NS and 2m/r of the corresponding zero-temperature one, i.e., ∼ 2E th (r)/r with E th (r) = r 0 4πr 2 ∆εdr, grows with NS mass. Therefore, the absolute values of both ∆E th, U and ∆E th, g grow with stellar mass. The net temperature effect is a result of these two competing trends. Nowadays the properties of dense matter at supersaturation densities remain uncertain due to poor knowledge of the nuclear forces and the difficulty of solving the many-body problem. Therefore, it is necessary to test the uncertainty of the E * th and η caused by different interactions. The IU-FSU interaction used here describes well the EOS of symmetric matter (Fattoyev et al. 2010 ), but the symmetry energy which characterizes the isospin-dependent part of the EOS of asymmetric nuclear matter (Baran et al. 2005; Steiner et al. 2005; Lattimer & Prakash 2007; Li et al. 2008) is not yet well determined at high densities. To explore the sensitivity of E * th and η to the symmetry energy, we build a family of IU-FSU interactions by adjusting the isovector parameters Λ V and g ρ in such a way that the value of the symmetry energy remains fixed at 25.70 MeV at a baryon density of ρ b = 0.1 fm −3 within a procedure as in the work of Piekarewicz (2011) . The parameters Λ V and g 2 ρ are listed in Table I with the slope L = 3ρ∂E sym (ρ)/∂ρ| ρ 0 at the saturation density ρ 0 , which could also be employed to investigate the effects of the density-dependent symmetry energy in some subjects in the future. To illustrate the behavior of the mean-field interactions, we display in the upper panel of Figure 5 the symmetry energy predicted by all of these models, providing a stiff symmetry energy (Λ V = 0.00) to a soft one (Λ V = 0.05). The convergence of all interactions at a density of ρ b = 0.1 fm −3 is clearly discernible, and are divergent visibly at high densities. For instance, the stiff symmetry energy with Λ V = 0.00 gives E sym (3ρ 0 ) = 116
MeV while the relatively soft one with Λ V = 0.05 gives E sym (3ρ 0 ) = 62 MeV, where 3ρ 0 is close to the central density of a canonical NS. The lower panel of Figure 5 illustrates the E th and E * th under the different behavior of the symmetry energy. A stiffer symmetry energy gives a larger E th and E * th . From Λ V = 0.00 to Λ V = 0.05, the E th and E * th reduce by 21% and 25%, respectively. Yet, on the whole, the effect of the symmetry energy on the efficiency factor η is not so intense because the effect of symmetry energy plays a similar role for the E th and E * th , as exhibited in the inset. The depressed model dependence enhances the reliability of the presently obtained η.
The central task of NS cooling theory is to calculate the cooling curve, i.e., the surface temperature as a function of age. To show the difference between the dynamic and static treatments of the NS cooling, we compute the cooling curves for a canonical (1.4M ⊙ ) and a large mass (1.9M ⊙ ) NSs based on the publicly available code NSCool written by D. Page [1] . The minimal cooling paradigm is used, i.e., without charge-meson condensate and exotic degrees of freedom. Yet, for large mass NSs, the direct Urca process is open within the IU-FSU interaction since the matter density in the core could exceed the threshold. Although such a process is believed to enhance the NS cooling most efficiently, it is not included in standard cooling scenario for canonical NSs.
The results are shown in Figure 6 . Because the dynamic thermal energy is less than the static one, the NS cooling is found to be faster in dynamic treatment than that in static treatment. For the canonical NS and the large mass NS, the two approaches do not exhibit considerable difference, indicating that the static description is a good approximation. A reliable NS cooling theory is indispensable to help one to explore the knowledge of stellar interior. However, owing to the complexity of neutron star physics (such as anisotropic magnetic field, and composition of stellar envelope), it still has a long way to go to establish an ultimate cooling theory. On the other hand, much more observational data are required to constrain in turn the cooling theory.
IV. SUMMARY
Although the NS cooling theory was established more than half a century ago, it is based on the assumption that the stellar structure is static. For a given NS with fixed baryon number, its structure undergoes weak reconfiguration continuously as the temperature decreases gradually, which is attributed to the alteration in EOS of the β-stable NS matter. As a crucial step in the present study, we have derived the EOS of dense matter at finite temperature T with a perturbation method, where T is much lower than the Fermi temperature. Correspondingly, the the concept of dynamic thermal energy is introduced to distinguish it from the previous static thermal energy. The dynamic thermal energy is found to be less than the static one. Therefore, a part of static thermal energy with a given core temperature cannot be released during the cooling. Thus, we defined a temperature- treatments. The stellar structure is also built by employing the RMF approach with the IU-FSU interaction, and the effective mass is taken from the APR EOS (Akmal et al. 1998 ).
independent efficiency factor η to characterize it, which is subject to the NS mass but is not sensitive to the different behavior of symmetry energy. In the dynamic description of NS thermal evolution that the change of stellar structure is included in the process of cooling, one just needs to replace the heat capacity C v in previously static approach by the effective one C v,eff = ηC v .
Finally, based on the above discussions, we computed the cooling curves with both the static and dynamic treatments. The cooling turns out to be slightly faster in our dynamic treatment than that in the static one. The static description of cooling can be regarded as a reasonable approximation for NSs with different masses. Therefore, our work not only examines whether the traditional static description of cooling is valid or not, but also deepens our understanding of the NS cooling.
The weak rearrangement of stellar structure discussed above stems from the decrease of temperature where the total baryon number of a star is conserved. Actually, the rearrangement can be achieved through many other avenues, such as the spin-down, magnetic-field decay, and possible phase transitions, which should improve our understanding of reheating mechanism in NS cooling and is perhaps responsible for some intriguing features of NSs.
